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LETTER TO THE EDITOR 

On the structure of eigenvectors of the multidimensional 
Lam6 operator 

J Dittricht and V I Inozemtsevf 
t Nuclear Physics Institule, Academy of Sciences of lhe C m h  Republic, 250 68 Itet near 
Prague. Czech Republic 
t laborslory of Thenretical Physics, JINR. 141980 Dubna, Russia 

Received 3 June 1993 

Abstract. We demite  the finite-dimensional functional manifold which contains all 
meromorphic solutions 10 the multidimensional generalization of the Lam6 equation. 

In this letter we consider the long standing problem of finding the way to the explicit 
construction of the eigenvectors of the Schrodinger operator 

where p ( x )  is the Weierstrass elliptic function with two periods 01 and oz. Imm(w2W;I) 
> 0. In physical applications where HM," has to be Hermitian, these periods are usually 
chosen such that 01 E E+, i-'% E R+. 

The operator (1) describes the quantum system of M particles interacting via two- 
body potential n(n + I)&). The analogous classical many-particle problem has been 
proven to be completely integrable in the Liouville sense [l ,  21. The construction of 
the set of corresponding quantal 'integrals of motion' (Il)(l 5 I 5 M - 1) commuting 
with HM, has also been performed by using the quantum analogue of the classical Lax 
representation [3]. Moreover, the superintegrability, i.e. the existence of more than M - 1 
functionally independent operators commuting with HM,. has been conjectured [4] and 
proved in the simplest case M = 2 in which the corresponding eigenproblem reduces to 
the usual Lam6 equation and the structure of eigenfunctions was described more than a 
century ago [SI. Despite many results 13, 4, 6, 71 obtained for trigonometric and rational 
degenerations of ( I ) ,  the explicit form of any solution to H M , ~ $  = E$ for M 3 3 in 
general elliptic case has still not been indicated. Up to now it has not been clear how one 
should use the rather complicated operators (1,) containing higher derivatives for reduction 
of the spectral problem. 

Our observation consists in using the simpler symmetry of HM," for this purpose. Since 
e(x) is double periodic, it is easy to see that (1) commutes with the 2M shift operators 
Q,, = exp(w.a/axj), (Y = I ,  2, 1 5 j 5 M. Let $'+'J(xI,. ... x M )  be their common 
eigenvector, 
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where [y E Z and E C(mod2n). Hence @'(XI , .  . . , XH) can be treated on the M-  
dimensional toms TM = (@/ r)y, r = Zwl + Z q  with quasiperiodic boundary conditions 
(2). The structure of singularities of HH,. on this toms shows that $ ( q )  is analytic on 
TM\lf'y, PM being the set which consists of all M(M - 1)/2 hypersurfaces Pjr defined by 
the equalities x j  = x t ,  I 5 j c k 5 M. On each Pjk, $[") has a pole of nth order 

(3) $'"'(XI. . . ,xu)li,+z' ... (Xj - xd-"&k) (x , ,  . . ., X M )  
where i j5[ jk)  do not contain any singularities as xj -+ x k .  Let Vu," be the class of functions 
analytic on T'\lf', satisfying the relations (2) and (3). 

Our main resuIt consists in combining these properties so as to reduce the problem of 
finding $(ql(xj,. . . ,xu) to an algebraic one. 

Proposition 1. The class W M , ~  is a functional manifold of dimension 2M - 1 + r ~ ( n M ) ~ - ' .  
The parameters (q&") are not independent but connected by the linear relation 

The manifold QM." can be described as a union of the ( 2 M  - I)-parametric family of linear 
spaces L(q) ,  dim L(q)  = n ( n M ) M - Z ,  with the basis vectors parametrized by q = @ I  
satisfying (4). 

The scheme of the proof is based on investigating the entire functions arising after 
explicit representation of the leading singularities of $iql(xI, . . . , xy) in terms of inverse 
powers of the Weierstms sigma function u(x) given as a function of e(x) by the Flations 
d*(logu(x))/dxz = -&), lim,,ox-'o(x) = 1. 

Proposition 2. The co-ordinate system on Qy,. can be chosen in such a way that all its 
elements are expressed through the Riemann theta functions of genus 1. 

The first part of the proof consists in the explicit representation of the basis vectors of 
L(q) in terms of the (M  - I)-dimensional theta functions with the Riemannian B matrix 
having all diagonal and all nondiagonal elements equal, Bjk = (niy/nMwl)( l  + 8 , ~ ) .  
I 5 j , k  5 M - 1. The second-part is simply an application of the Appell reduction 
theorem [8]. 

Let be the submanifold of Q M . ~  which consists of the eigenvectors of HM.,,. 
The elements of $y." are determined by M + 1 complex parameters which include the 
M - 1 relative particle quasimomenta the total momentum and the trivial normalization 
factor. So the problem of selecting $y," from Qy," is equivalent to finding the solutions to 
M - 2 + r 1 ( n M ) ~ - '  purely algebraic equations which arise under substitution of the general 
expression for the elements of QM." into the eigenequation Hy.=$ = E$.  

The explicit realization of this procedure for the simplest non-trivial example M = 
3, n = I is as follows. The appropriate parametrization of the elements of Q3,, can be 
written as 
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To describe $3.1. one has to find four constraints to the parameters B ,  (4). [ y ]  in (5). 
The calculations may be canied out more easily with the use of the following extended 
version of the Liouville theorem for double quasiperiodic functions. 

Proposition 3. Let p(x) be analytic on T = C / r  and q(x  + 01) = eXp(i8l)pfx). 
p(x + 02) = exp(i&)rp(x). Then q ( x )  0 if elcia - & W I  g 2 r r .  

the singularities of q ( x I , x z ,  x3) = ( H ~ J  - E ) $ ( x l , x z , x 3 )  treated as the function of XI at 
fixed values of two other arguments. One gets the constraints defining $3,l in the form 

B = $[<(YIz) + ~(Yz) + <(Y31) - 3<(Y12 + YU + Y31)I (6) 

i (q~  - q 2 )  = $<(Yu) + t(Y31) - ttnd + 4 ~ 2 3  + nl) - ~ ~ ( Y I Z  + ~3 + n1)1 
i h  - 43)  = $<(y31) + <(m) -<(vu) + 4<(Y31 + YIZ) - ~ < ( Y I Z  + ~3 + nil] 

Due to this statement it is sufficient to choose the parameters in (5) so as to remove all 

(7) 
x<(YlZ) f <(M3) +<(MI) - %(YIZ + YZ3 + nl) 

+4[<(Y12 + Y23) + f ( Y Z  +MI) + <(Y31 + Y l d ]  = 0 

where <(r)  = d(logu(x))/dr is the Weierstrass zeta function. 
eigenvalue of H3.1 is 

The corresponding 

E = ; (4: + 4: + 4:) - fIC2(YlZ) + <%3) + t 2 ( m ) l  

+ q[<(YlZ) +<(vu) + <(Y3l)l<(YlZ + Y23 + Y31) 

+ 2[e(m)  + e ( ~ d  + e(n1)1 
- 2[<(MI)<(YlZ + W) f <(yU)<(Y12 f n1) + t(YIZ)<(Y23 +MI)] 

(8) 

Since the relations (6H8) are invariant under cyclic permutations of the indices of [ q ]  
and { y t .  the complete symmetrization of (5) on xl,x2,x) also gives the eigenfunctions 
of H3.1 if [q l  and [ Y ]  obey (6), (7).These eigenfunctions are regular as xj  - x~ -+ 0. 
The discrete spectrum of the corresponding three-particle system on the real circle x1.2.3 E 
Rmodwl in the centre-of-mass frame (SI + q2 + 4 3  = 0) can be obtained by imposing the 
periodic boundary conditions 

(41 - qdw -zit (w1/2) ( 2 ~ 1 2  - Y23 - M I )  = 2n11 

(q2 - ‘?3)wI - 2% ( W 2 )  ( 2 m  - YIZ - nl) = 2x12 

The extension of this procedure to the cases M z 3 and n z 1 which are more complex 
from a technical viewpoint, is under study and will be published elsewhere. 

The work is partly supported by the ASCR under grant No 14814. 
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